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Abstract. Many scatteringmodelshave beenproposedin the graphicsliterature. Few of them,however, have beenevaluatedthrough
comparisonswith real measureddata. As the demandfor plausibleandpredictablescatteringmodelsincreases,moreeffort is focusedon
performingsuchcomparisons.In thispaperweexaminetheimplementationof virtual goniophotometricdevicesusedto evaluatealgorithmic
scatteringmodels,focusingon practicalissues,namelythesubdivision of thecollectorsphereandtheray densityrequiredto obtainreliable
BRDF andBTDF estimates.Ourdiscussionof theseissuesis supportedby experimentswhoseresultsarealsopresentedin this paper.

1 Intr oduction

Greenberg etal. [16] proposedaframework to test,validateandimprove the�delity andef�ciency of computergraphicsalgorithms,whichis
composedof threestages,namelylocal light scatteringmodels,light transportsimulationsandimagedisplayprocedures.They emphasized
the importanceof performingcomparisonsbetweensimulationsandactualmeasurementsso that simulationscanbe usedin a predictive
manner. Accordingto theirparadigm,it is of fundamentalimportancethatateachstagesimulationsarecomparedwith measuredexperiments.

In this paperwe focuson issuesrelatedto the�rst stageof this system,morespeci�cally theevaluationof algorithmicscatteringmodels.
Theseevaluationsinvolvecomparisonsof amodelreadingswith actualBRDFmeasurementsperformedusinggoniophotometers[18, 20]. In
orderto obtainthesereadingsfrom a computermodelin the�rst place,onemustperforma computersimulationof theinputsandoutputsof
themodel,i.e., usevirtual goniophotometers.Thesedeviceshave importantapplicationsnotonly in graphics[28, 6, 12,23], but alsoin areas
suchasremotesensing[15] andmedicine[10]. Theformulationof suchdeviceshasto reproduceactualmeasurementconditionsasfaithfully
aspossibleto avoid theintroductionof biasin thecomparisons.

Thesevirtualdevicesareusednotonly todeterminetheplausibilityof scatteringmodels,butalsotoperformdatacollectionfrompreviously
validatedmodels.Besidesgiving usersacontroloverthespectraldatagenerationfrom computermodelsusedto simulatethescatteringpro�le
of variousmaterials,thesedevicesallow usersto performexperimentsatdifferentsamplingresolutions[23], whichareimportantrequirements
in rendering.

Whensuchvirtual devicesarepresentedin the computergraphicsliterature,they areusuallypresentedin connectionwith a scattering
model.For example,Gondeketal. [13] haveusedadevicefor spectralandspatialmeasurements,avirtual goniospectrophotometer, presented
asan opticsmodelanda capturedomeusedin conjunctionwith a geometricmodelof surfacemicrostructure.Although our discussionis
relatedto applicationsinvolving algorithmicscatteringmodels,our maingoalis to addresstheformulationof virtual goniophotometers,and
closelyexamineimplementationandusageissues(collectorspheresubdivision andray density)that affect the reliability/cost ratio of the
measurements,without focusingonany speci�c scatteringmodel.

2 Backgr ound Information

2.1 General Characteristics of Actual Goniophotometer s

A goniophotometer(from greek:gonio-photo-meter=angle-light-measuring)is de�ned asan instrumentthatmeasuresradiant�ux (power)
as a function of anglesof illumination and observation [7]. Thesemeasurementscan be performedin different ways, and, as a result,
therearemany possiblecon�gurationsfor thesedevices. Computergraphicsresearchershave proposedextensionsfor industrially made
goniophotometers[9] aswell asnew designsbasedon the useof digital cameras[21, 31, 25]. A review of thesedevices is beyond the
scopeof this work. A readerinterestedin moredetaileddescriptionof goniophotometersusedin computergraphicsis referredto more
comprehensive worksin this area[9, 26].

Goniophotometersarealsoimportantbasictools for fundamentalresearchin colorimetry[24], solarengineering[8], plantbiochemistry
[2, 19] andremotesensing[5, 19]. For instance,Figure1 (left) showsaphotographof agoniophotometerusedby Combesetal. [4] to measure
BRDFsof plantspecimens.Thelight �ux which is incidenton thespecimencomesfrom anemitter. After beingre�ectedor transmittedby
thespecimen,it is capturedby adetector(photometer).

A comprehensive goniophotometricrecordfor a simplespecimenwould requirea formidablenumberof measurementsasmentionedby
JuddandWyszecki[20] andGreenberg etal. [16]. Boththeemitterandthephotometerwouldhaveto bemovedindependentlyof oneanother
to every positionon the hemisphere.In orderto illustratethis aspectJuddandWyszeckiperformthe following calculation. Supposethat
oneworkswith a fairly largesolid angleof approximately0.005steradianfor eachaperture.To cover theentirehemisphere(2� steradian)
ascloselyaspossiblewith suchanaperturewithout overlapping,we mustuseabout1000differentpositions.With both thesourceandthe
photometermovedin eachof the1000positionsoneendsupmaking1 million measurements!

The best-designed,best-constructedandbest-calibratedspectrophotometersmay yield resultsthat differ from onemeasurementto the
next. Thesedifferences,or uncertainties,arenetresultsof combinationsof many small�uctuationsdueto independentvariationsof different
componentsof theinstrument,differentfactorsin theenvironmentandhow thespecimenis handled.

2.2 General Form ulation of Vir tual Goniophotometer s

In orderto simulateradiancemeasurementsperformedby placingaphotometeratdifferentviewing positions,onecanuseradiancedetectors,
whicharerepresentedby thepatchesof a collectorsphereplacedaroundaspecimen.Figure1 (right) presentsasketchshowing theprincipal
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Figure1: Left: photographof a goniophotometer. Right: sketchof a virtual goniophotometer.

componentsof avirtual goniophotometerandtheirgeometricalarrangement.Thelight �ux incidenton thespecimencomesfrom theemitter
throughpatchI , andthelight �ux collectedby thephotometercomesthroughpatchV . Both of theilluminating andviewing directionscan
bevariedindependentlywithin thehemisphereabove thespecimen.Thepositionof emitterandpatchI is givenby theazimuthangle� i and
thepolarangle� i . Thepositionof photometerandpatchV is givenby theazimuthangle� r andthepolarangle� r .

Using this arrangement,the BRDF for a directionassociatedwith a given radiancedetectorplacedin the upperhemispherecanbe de-
terminedin termsof radiantpower. More speci�cally, it is given by the ratio betweenthe radiantpower reachingthe detector, � r , after
interactingwith thespecimen,andtheincidentradiantpower, � i [14].

Thecorrespondingexpressionusedto computetheBRDFfor light incidentatwavelength� , consideringthesolidanglein thedirectionof
incidence,~! i , andthesolidanglein thedirectionassociatedwith theradiancedetector, ~! r , is givenby:

f r (�; ~! i ; ~! r ) =
� r (� )

� i (� ) ~! r
p (1)

where:
~! r

p = adjustedsolidangleregardingthedirectionassociatedwith theradiancedetector.

In turn, theadjustedsolidangle ~! r
p is givenby:

~! r
p =

A r cos� r

L 2
(2)

where:
A r = areaof theradiancedetector,
L = distancefrom thespecimento theradiancedetector,
� r = anglebetweenthedirectionassociatedwith theradiancedetectorandthespecimennormal.

ConsiderN raysshottowardsthespecimenfor agivenwavelength� , andassumethateachraycarriesthesameamountof radiantpower,
� . If thetotal radiantpower to beshotis � i , thentheradiantpower carriedby eachray is givenby [29]:

� r ay (� ) =
� i (� )

N
(3)

Also, theradiantpower reachingtheradiancedetectorcanbewrittenas:

� r (� ) = nr � r ay (� ) (4)

where:
nr = numberof rayshitting a radiancedetector.

Thus,replacingEquation3 andEquation4 in Equation1, theexpressionto computetheBRDF reducesto:

f r (�; ~! i ; ~! r ) =
nr

N ~! r
p (5)

Similarly theBTDF is calculatedassumingtheradiancedetectorsareplacedin thelower hemisphere.
For applicationsinvolving datagenerationfrom a previously validatedmodel,thesampleraysareusuallycollimated,i.e., thesamplerays

have the sameorigin and they hit the specimenat the samepoint. For applicationsinvolving comparisonswith actualmeasurementsthe
sampleraysmayneedto bedistributedangularlyaccordingto thegeometricalarrangementof thesurfacesusedto representtheemitterand
thespecimen.As mentionedby Crowther[5], theincidentradiationfrom anemittershowsnopreferencefor oneangularregionovertheother.
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So,in orderto simulatethesemeasurementconditions,theoriginsandtargetsof theraysarerandompoints(or samplepoints)chosenon the
surfacesusedto representtheemitterandthespecimenrespectively. Severalsamplingstrategiescanbeusedto selectthesesamplepoints.
In this paperwe do not intendto determinethemostaccurateor themostef�cient samplingstrategy, sincetheadvantagesanddrawbacksof
differentsamplingstrategieshave beenadequatelycoveredelsewhere[11, 29, 30].

3 Collector Sphere Subdivision

The�rst questionsthatcometo mindwhenonestartstheimplementationof avirtual goniophotometerare:“How shouldthecollectorsphere
besubdivided?” and“Doesit matter?”.In this sectionwedescribethreesubdivision approachesandaddresstheirmeritsandlimitations.We
choosetheseapproachesbecausethey donot requirea prior knowledgeaboutthebehavior of theBDF andtheir implementationis relatively
straightforward. Is importantto note,however, thattherearealternativesavailablein theliterature,suchasthetriangulartessellationcentered
onthespeculardirectionusedby Gondeketal. [13], in whichthepatternsusedto measurethesamplesconcentratein areasof greatestchange
in theBDF.

3.1 Equal Angular Inter vals

Thesimplestway to subdivide thecollectorsphereinto patchesis to usesphericalcoordinates,� 2 [0; 2� ] and� 2 [0; �
2 ], sampledat equal

angularintervalsalongbothcoordinatedirections.In this casetheresultingpatcheswill not have thesamearea.Notethat thecomputation
of theBDFsinvolvesthecomputationof theadjustedsolid angle(Equation2) for eachpatch,which, in turn involvesthecomputationof the
areaof thepatchandthespeci�cationof theangle� r .

Considera patchgiven by the sphericalcoordinates(� 1 ; � 2) and (� 1 ; � 2). Intuitively � r shouldcorrespondto � 1 + � 2
2 . Note that in

the computationof the adjustedsolid anglewe needto computethe cos� r . A simplenumericalexperiment(Figure2) shows that using
� r = arccos( cos( � 1 )+cos( � 2 )

2 ), onecanobtainmoreuniform resultswhenthesphereis subdivided into a smallnumberof patches.As one
subdividesthesphereinto a largernumberof patches,thedifferencesdecrease,since� r tendsto besamefor bothapproaches.
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Figure2: Differencebetweenaveragingin termsof cos� andaveragingin termsof � .

3.2 Equal Solid Angles

Anotherapproachthatcanbeappliedis thesubdivision of thecollectorsphereinto regionsof equalsolid angles[17], i.e., thepatcheson the
collectorspherewill have thesamearea.In thiscasetheparameterspacerepresentedby � 2 [0; 2� ] will bedividedinto equalintervalsasin
thepreviouscase.Thevaluesfor thesphericalcoordinate� arechosento guaranteeequalareapatches.

Consideringthegeometrypresentedin Figure3, thesmalltrianglehastherelationship:

dh
ds

= sin d� (6)

andthelargetherelationship:
h
L

= sin � (7)

and
L 0

L
= cos� (8)

so
L 0 = L cos� (9)

Theintegral of thesphericalsegmentbetweenh1 andh2 is therefore:
Z h 2

h 1

2� L 0 ds =
Z h 2

h 1

2� L cos�
dh

cos�
=

Z h 2

h 1

2� L dh = 2� L (h2 � h1) (10)
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Hence,eachsliceof thesamethickness,(h2 � h1), hasthesamesurfaceareaaroundtheslice.
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Figure3: Geometryusedto subdivide thecollectorsphereinto equalsolidangleregions.

Consideringtheupperhemispheredividedinto ms equalthicknessslices,theangles� 1 and� 2 limiting a givenpatcharegivenby:

(� 1 ; � 2) =

 

arccos(
h1

L
); arccos(

(h1 + L
m s

)

L
)

!

(11)

Theissuesraisedin theprevioussectionwith respectto thechoicefor � r alsoapplyto this subdivision approach.In factour experiments
(Section5.1) show minor improvementsin the accuracy of the measurements.The computationof the areas,however, canbe donemore
ef�ciently thanin thepreviouscase,sinceall patcheshave thesamearea.In theequalangularintervalstechniquetheareasarenot thesame
for all patches,which requiresmorecomputation.

3.3 Equal Adjusted Solid Angles

The third approachexaminedin this paper, to the bestof our knowledge,hasnot beenreferencedbefore. It consistsof subdividing the
collectorsphereinto regionsof equaladjustedsolid angles.Like in theprevious cases,the parameterspacerepresentedby � 2 [0; 2� ] is
dividedinto equalintervals.Thevaluesfor thesphericalcoordinate� arecomputedtakinginto accountthede�nition of adjustedsolidangles
given by Equation1, whosenumeratoris usedin theNusseltanalog[27] to provide a geometricequivalent to the differentialarea-to-area
form factor[3].

Considertheupperhemisphereabove thespecimen.Its adjustedsolidangleis givenby:

Z � =2 �

� =0

Z � = � =2

� =0
cos� sin � d� d� = 2� [

cos2 0
2

�
cos2 �

2

2
] = � (12)

Using the integration above, the adjustedsolid angleof a slice limited by � 1 and � 2 is given � [cos2 � 1 � cos2 � 2 ]. Consideringthe
hemispheredividedinto ms slicesalongtheparameterspacerepresentedby � , we canobtainthefollowing relationship:

� 2 = arccos

r

(cos2 � 1 �
1

ms
) (13)

In this approachthechoiceof � r is embeddedin the integrationleadingto theequaladjustedsolid angles.As a result,thecomputation
of the adjustedsolid anglesis performedmoreaccurately. Moreover, our experiments(Section5.1) show that it enablesa moreuniform
convergenceof theBDF estimatesthantheprevioustechniques.

4 Ray Density

Anotherkey questionto be addressedwhenperformingvirtual goniophotometricmeasurementsis how many raysshouldbe castby the
emitterelement,i.e., how large shouldN be, 105 , 109 or 1015 ? Using a suf�ciently large numberof samplerays,onewill have a high
probability of obtainingestimateswithin the region of asymptoticconvergenceof the expectedvaluesof a BRDF beingmeasured.The
computationalcosts,however, grow linearlywith respectto thetotal numberof sampleraysN sincetheimplementationcostis constantper
ray. Thepurposeof thefollowing derivationis, therefore,to provideasatisfactoryboundfor N suchthatwecanobtainBRDFestimateswith
a higherreliability/costratio. In this context theterm“satisfactory” meanstakinginto accounttheuncertaintyof theactualgoniophotometer
whosereadingswe arecomparingthemeasurementswith, andaimingatanerrortolerancecompatiblewith renderingrequirements.

Baranoskietal. [1] have shown thattheexponentialChebyshev inequalitycanbeappliedto obtainaboundfor thenumberof samplerays
requiredto obtainan asymptoticallyconvergentvaluefor the ratio n r

N with respectto a singleradiancedetectorr . In this case,it canbe
shown [1] that:

P
n �

�
�
nr

N
� pr

�
�
� < �

o
� 1 � 2e� 2N � 2

(14)
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where:
P (w) = probabilityof w,
pr = probabilityof a rayhitting theradiancedetectorr ,
� = errortolerance.

Theoretically, thecon�dence� in anestimationis a positive numbersuchthat:

� � 1 � P
n �

�
�
nr

N
� pr

�
�
� < �

o
(15)

where
� �

1
4N � 2

(16)

Usingtheinequalitiesabove,Baranoskietal. [1] showedthattheboundon thenumberof sampleraysis givenby:

N =
�

ln( 2
� )

2� 2

�
(17)

Thebehavior of this boundis illustratedin Figure4, which shows numberof samplesraysrequiredfor given valuesof error toleranceand
con�dence.
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Figure4: Numberof rays(N ) requiredto obtainestimateswith a givenerrortolerance(� ), consideringdifferentcon�dence(� ) values.

Theseinequalitiescanbegeneralizedfor m patches(or radiancedetectors)asfollows:

P
n

\ (
�
�
�
n i

N
� pi

�
�
� < � )

o
=

mY

i =1

P
n�

�
�
n i

N
� pi

�
�
� < �

o
�

mY

i =1

(1 � 2e� 2N � 2
) � 1 � (

mX

i =1

2e� 2N � 2
) = 1 � 2m e� 2N � 2

� 1 � � m (18)

Resultingin:

� � m
p

2m e
� 2N � 2

m (19)

For largevaluesof m, theinequalityabove reducesto:

� � e
� 2N � 2

m (20)

andthenumberof raysis givenby:

N = m
�

ln( 2
� )

2� 2

�
(21)

Note that N representsthe numberof sampleraysrequiredto obtainasymptoticallyconvergentvaluesfor the ratio � r ( � )
� i ( � ) , which is then

scaledby theadjustedsolidanglein orderto obtainthecorrespondingBDF value(Equation1).
Thevalueprovidedby N representsanupperboundassumingtheworstcasescenariowhereall patchesreceivehits (e.g., aLambertianor

diffusespecimen).For modelssimulatingmaterialswith a strongdirectionalbehavior, thenumberof raysrequiredto obtainasymptotically
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convergentresultswill at leastoneorderof magnitudesmallerthanthenumberprovidedby theproposedboundasillustratedin Section5.2.
This aspectsuggeststhatm in theproposedboundcouldbereplaceby m0 representingthenumberof patcheson thecollectorspherewithin
thedirectionallobe. This parameter, however, is usuallyunknown a priori . If we hadanestimatefor it, we couldalsousethis estimateto
guidea non-uniformdistribution of thecollectorpatchesassuggestedby Greenberg et al. [16]. In theextremecaseof a mirror-like BRDF,
m0 is equalto one. Applying theproposedboundN = 105:05 rayswould be suf�cient to obtainasymptoticallyconvergentresults,which
correspondsto the numberof raysrequiredto obtainanasymptoticallyconvergentvaluefor the ratio n r

N with respectto a singleradiance
detector(patch).

5 Experiments and Discussion

Theexperimentspresentedin thissectionaddressimplementationandusageissuesdirectlyassociatedwith thereliability of virtual goniopho-
tometersin general,i.e., we arenot targetingthereproductionof measurementsperformedby a speci�c goniophotometer. Hence,we usea
virtual devicewhosecollectorspherehasunit radiusandconsidercollimatedincidentbeamsin theseexperiments.For thesakeof consistency
weusethesameangleof incidence(45� ) in all experiments.Sincetheproceduresarethesamefor bothBRDFandBTDF measurements,we
focusourobservationson theformerandwork with theupperhemisphere.

5.1 Subdivision Errors

In our evaluationof errorpropagationassociatedwith subdivision techniquesdescribedin Section3, we considera specimenwith perfect
diffuse(Lambertian)re�ective propertiesfor two reasons.First, its BRDF with respectto any directionis known, i.e., f r = 1

� = 0:3183,
which is convenientfor error comparisons.Second,the cosinedistributionsof the re�ected raysallows a bettercomparisonof the error
propagationwith respectto differentcollectorpatches.In ourexperimentsweuseacollectorhemispherewith aresolutionof 30� 30 patches
giving 900outgoingdirections,whichwould beenoughto allow comparisonswith a typicalsetof actualmeasurementsfor asingleisotropic
material[16].

Figure5 presentsroot-mean-square(RMS)error[11] comparisonsconsideringthethreesubdivisionsdescribedearlier. AlthoughtheRMS
erroris lower for experimentsusingtheequaladjustedsolidanglestrategy, thedifferencesdecreasewith anincreasein thenumberof raysas
expected.
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Figure5: RMS error comparisonswith respectto BRDF computation(collectorhemisphereresolution:30 � 30 patches)usingthe three
subdivision techniquesexaminedin thispaper.

It is worth noting,however, that the RMS is a global measure,i.e., low RMS errordoesnot guaranteelow error for individual patches.
Thegraphspresentedin Figure6 show theBRDFvaluesfor threepatchesonasameplane(�x ed� ), top,middleandbottom(grazingangle).
As we cansee,usingthe theequaladjustedsolid anglestrategy (Figure6c), theBRDF valueswith respectto threepatchesconvergemore
uniformly to theactualvaluethanusingtheothertechniques(Figure6aand 6b). Also, it shouldbenotedthattheequalsolidangleapproach
providestheworstresultswith respectto toppatches.

5.2 Ray Density Bound

For virtual goniophotometricmeasurementsaimedat renderingapplicationsoneneedssolutionsaccurateto only 1-10%,sincehumansdo
not perceive �ner variationsof light. This allows us to set� = 0:01. Also, accordingto dataprovided in the measurementliterature[9]
the uncertaintyof actualgoniophotometersis around0.5%or higher, which allows us to set� = 0:005. Using theproposedupperbound
presentedin Section4, the numberof raysrequiredto obtainasymptoticallyconvergent readingsis given by N = m105:02 , wherem is
total numberof patchesof thecollectorhemisphere.Unlessotherwisestated,in theexperimentspresentedin this sectionwe applytheequal
adjustedsolidanglesstrategy to subdivide thecollectorhemisphere.
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Figure6: BRDF valuesfor threedifferentpatches(collectorhemisphereresolution30 � 30 patches)using: equalangularintervals (left),
equalsolidangles(center)andequalprojectedsolidangles(right).

numberof rays 105 106 107 108

10x10patches 0.0102 0.0029 0.0011 0.0003
30x30patches 0.0310 0.0095 0.0031 0.0009

100x100patches 0.1010 0.0315 0.0099 0.0032

Table1: RMSerrorsassociatedto BRDFmeasurementsfor adiffusematerial,consideringthreeresolutionsfor thecollectorsphereandusing
four raydensities.

We performedBRDF measurementsfor a diffusematerialusingthreedifferentresolutionsfor thecollectorhemisphere,namely10x10,
30x30and100x100patches.Thediffusematerialwassimulatedusingacosineprobabilitydistribution function[22]. Applying theproposed
boundfor the 10x10resolution,onecanexpectasymptoticallyconvergent readingsusingat most107 rays. For the 30x30resolution108

raysaresuf�cient to obtainasymptoticallyconvergentreadings,while for the100x100resolutiononewould needa largernumberof rays,
accordingto theproposedboundapproximately109 rays.Theseaspectscanbevisually observed in Figure7 which presentsthepro�les of
theseBRDF measurements.Theseerrorpropagationtrendscanalsobequantitatively veri�ed throughtheRMS errorspresentedin Table1.
Furthermore,it is worthnotingthatthis trendis not restrictedto Lambertianmodelsasillustratedin theadditionaltestcasespresentedin the
remainderof this section.As mentionedearliera Lambertianmodelwasconsideredbecauseit representsa pessimisticscenario.In other
words,sinceall directionshave equalimportance,a larger N is requiredto obtainan asymptoticallyconvergentBRDF estimatefor each
patchon thecollectorhemisphere.

As mentionedin Section4, for modelssimulatingmaterialswith a strongerspecularbehavior the numberof rays requiredto obtain
asymptoticallyconvergent resultswill be at leastoneorderof magnitudesmallerthan the numberprovided by the proposedbound. We
performedBRDF measurementsfor a specularmaterialusingthreedifferentresolutionsfor thecollectorhemisphere,namely10x10,30x30
and100x100patches.Thespecularmaterialwassimulatedusinga exponentiatedcosineprobabilitydistribution function [22], considering
the exponentequalto 16 andan angleof incidenceof 30� . For the 10x10resolution,onecanexpectasymptoticallyconvergent readings
usingat most106 rays.For the30x30resolution107 raysaresuf�cient to obtainasymptoticallyconvergentreadings,while for the100x100
resolutiononewould needa largernumberof rays,accordingto theproposedboundapproximately108 rays.Theseaspectscanbevisually
observed in Figure8 which presentsthe pro�les of theseBRDF measurements.Theseerror propagationtrendscanalsobe quantitatively
veri�ed throughtheRMSerrorspresentedin Table1. Sincewedonothave ananalyticalvalueto comparewith, weusedasreferenceBRDF
valuesobtainedconsidering1010 rays.

Sinceacomputermodelis usuallylesspredictablethanmeasuringphysicalphenomena,i.e., it maywork well for someinput instancesand
fail for others,it is importantto verify thattheconvergenceof themeasurementsis not restrictedto a singleplane.Figures9 and10presents
BRDF measurementsfor thesamediffuseandspecularmaterialsobtainedusinga collectorhemispheresubdivided into 30x30patchesand
four differentraydensitiesin orderto illustratetheconvergenceof theestimates.

Mostnaturalmaterialshaveascatteringbehavior thatexhibitsanangulardependency ontheincidentangleintermediateto thatexpectedof
diffuseandspecularre�ector. For this reasonwe alsoconsidereda glossymaterialwhich wassimulatedusinga cosineandanexponentiated
cosinedistributions[22]. For thediffusecomponentwe usea coef�cient equalto 0.8,andfor thespecularcomponentwe usea coef�cient
equalto 0.2andanexponentequalto 16. In orderto increaseourscopeof observationswevariedtheangleof incidence,andweusedasphere
subdivision schemeproneto largervariances.This schemecorrespondsto thereverseof theequaladjustedsolid anglesubdivison, i.e., the

numberof rays 105 106 107 108

10x10patches 0.0094 0.0024 0.0010 0.0002
30x30patches 0.0305 0.0091 0.0030 0.0009

100x100patches 0.0980 0.0326 0.0102 0.0030

Table2: RMS errorsassociatedto BRDF measurementsfor a specularmaterial(simulatedusinganexponentiatedcosinedistribution with
exponentequalto 16),consideringthreeresolutionsfor thecollectorsphereandusingfour raydensities.
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hemisphereis dividedin slicesalongtheparameterspacerepresentedby theangle� , andasaconsequencealargernumberof smallerpatches
is placedon thetop of thehemisphere.Theresultsof theseexperimentsarepresentedin Figure11, andthey suggestedthatasymptotically
convergentestimatescanbeobtainedusingtheproposedboundunderthesecircumstances.

The materialsconsideredabove weresimulatedusingisotropicmodels. Figure12 illustratesmeasurementsfor an anisotropicmaterial
which wassimulatedusinga Phongbaseddistribution with exponentsequalto 50 and1000[28], andconsideringanangleof incidenceof
30� . Thesemeasurementswereobtainedusingacollectorhemispheresubdividedinto 30x30patchesandfour differentraydensitiesin order
to illustrate the convergenceof the estimates.As we cansee,convergentestimatescanbe obtainedusinga numberof raysoneorderof
magnitudebelow theproposedupperbound.

6 Conc lusion

In this paperwe examinedpracticalissuesrelatedto the validationof algorithmicscatteringmodelsthroughcomparisonsof virtual mea-
surementswith actualmeasurements.Consideringthatmany readingsarerequiredto obtaina comprehensive goniophotometricrecordfor a
singlespecimen,our discussionwasfocusedon strategiesto raisethereliability/costratio of thesereadings.Assumingno prior knowledge
aboutthebehavior of aspecimen's BDF, ourexperimentssuggestthattheuseof asubdivision techniquebasedonequaladjustedsolidangles
mayprovide a moreuniform convergencefor theBRDF estimates.They alsoindicatethattheproposedupperboundfor thenumberof rays
requiredto obtainasymptoticallyconvergentestimatescanbeusedto reducethecomputationalcostsof thesimulations.Our futureplansin
this areainvolve theoptimizationof this bound,which will requiretheinvestigationof thevarianceintroducedby complex simulationssuch
thoseperformedby Westinetal. [32].
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   N=105                                                  N=106                                                N=107                                               N=108

Figure7: Pro�les of BRDF measurementsfor a specimenwhosescatteringpropertiesweresimulatedusinga cosinedistribution. Displayed
measurementswere taken on the planegiven by the direction of the incidentbeamand the normal of the specimen,andusingdifferent
resolutionfor thecollectorhemisphere:10x10patches(top),30x30patches(middle)and100x100patches(bottom).

N=105                     N=106                       N=107                      N=108

Figure8: Pro�les of BRDF measurementsfor a specimenwhosescatteringpropertiesaresimulatedusinga Phongbasedcosinelobewith
exponentequalto 16. Displayedmeasurementsweretaken on theplanegivenby thedirectionof the incidentbeamandthenormalof the
specimen,andusingdifferentresolutionfor the collectorhemisphere:10x10patches(top), 30x30patches(middle) and100x100patches
(bottom).

      N=105                                    N=106                                   N=107                                   N=108

Figure9: BRDF measurementsfor a specimenwhosescatteringpropertiesweresimulatedusinga cosinedistribution. Displayedmeasure-
mentswereobtainedusinga collectorhemispheresubdividedinto 30x30patchesandfour differentraydensities.
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        N=105                                       N=106                                      N=107                                       N=108

Figure10: BRDF measurementsfor a specimenwhosescatteringpropertiesaresimulatedusingan exponetiatedcosinedistribution with
an exponentequalto 16. Measurementswereobtainedusinga collectorhemispheresubdivided into 30x30patchesandfour differentray
densities.

N=105
                                                       N=106                                                      N=107                                                    N=108

a=10°

a=30°

a=60°

Figure11: BRDF measurementsfor a glossymaterialobtainedusinga collectorhemispheresubdividedinto 30x30patches,andconsidering
four differentraydensitiesandthreeanglesof incidence.
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        N=105                                      N=106                                      N=107                                       N=108

Figure12: BRDFmeasurementsfor aspecimenwhosescatteringpropertiesaresimulatedusingananisotropicPhongbaseddistributionwith
exponentsequalto 50and1000.Measurementswereobtainedusingacollectorhemispheresubdividedinto 30x30patchesandfour different
raydensities.


